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Abstract 
A M6bius inversion formula on the product of a locally finite poset and an arbitrary set is 
presented. The M6bius inversion of Number Theory is modified to several inversion formulas. 
The inversion method may be useful to some inverse problems. 
1. Motivation 
The purpose of  this note is to derive an analog of  the Mrbius inversion for- 
mula which involves infinite sums and parameters. The idea of introducing param- 
eters should be useful in the applications of  some combinatorial inversion formulas 
and inverse transformations. Let us recall the notion of incidence of algebra [3,4] of a 
partially ordered set. A locally finite poset P is a partially ordered set in which each 
interval [a,b] = {c C Pia<<,c<~b} is a finite set. The set of  all intervals of P 
is denoted Int(P). The incidence algebra J (P) of P is the linear space of 
complex-valued functions on Int(P) with the convolution as the multiplication 
defined by 
* q(a,b)= ~ ~(a,c)~(c,b) 
a~c~b 
for ¢, q E J (P ) .  It is easy to see that J (P )  is an associative algebra with the 
delta function 6 as the identity which is defined by 6(a,b)= 1 for a = b in P 
and 6(a ,b )=0 otherwise. An incidence function ~ is invertible if and only if ~(a,a) 
is nonzero for each a E P. The zeta function ~ is defined by ((a,b) = 1 for 
[a, b] E Int(P). The inverse of  ( is called the Mrbius function ~t which can be 
* E-maih mabfchen@uxmail.ust.hk. 
I Research is supported by RGC Competitive Earmarked Research Grant HKUST 595/94P. 
0012-365X/97/$17.00 Copyright (~) 1997 Elsevier Science B.V. All rights reserved 
PII S00 12-365X(96)00085-4  
212 B. Chen/Discrete Mathematics 169 (1997) 211-215 
inductively defined by 
#(a, a) = 1, 
#(a,b)=- ~ #(a,c), a<b. 
a<c<~b 
Let X be an arbitrary nonempty set. We consider the vector space F(P xX)  of 
all complex-valued functions on P ×X. The incidence algebra J (P )  acts naturally 
on F(PxX)  in the left by Dcf(a,x) = ~f(a,x) = ~'~a<~bEP~(a,b)f(b,x), where 
E J(P), f E F(P×X). Similarly, for 9 E F(XxP) ,  the action in the right can 
be defined by D~9(x, b) = 9~(x, b) = )-']~a <.6,acP 9(x, a)~(a, b). Let X and Y be nonempty 
sets. For any x E X and y E Y, the following discrete analog of integration by parts 
is obvious: )--]~asP DJ(x,  a)9(a, y) -- Y~aEe f(x, a)D~g(a, y). For the convenience of 
discussion we assume that all the posets are finite or countably infinite and all the infi- 
nite sums are absolutely convergent, i.e., every infinite series converges to an element 
which is independent of the combinations of the terms in the sum. 
Theorem 1. For ~EJ (P ) ,  f EF(P×X), if ¢ is invertible, and 
g(a,x)= ~ ~(a,b)f(b,x) 
a<~bEP 
is absolutely convergent, hen 
f(a,x)= ~ ~-l(a,b)9(b,x). 
a<~bEP 
(1) 
(2) 
Proof. Substitute (1) into (2), we have 
~-l(a,b)g(b,x) = ~ ~-l(a,b) 
a<<.bEP a<~bEP b<~cEP 
~(b,e)f(c,x) 
~-l(a,b)~(b,c)f(c,x) 
a<~b<~c,b, eCP 
( ~ ¢-l(a,b)¢(b,e)) 
a<~cEP a<~b<~c, bEP 
f(c,x)
= ~ 6(a,c)f(c,x)=f(a,x). [] 
a<~cEP 
If ~ is the zeta function (, then its inverse is the M6bius function #. The inversion 
of (1) and (2) thus becomes the following modified M6bius inversion: 
9(a,x)= ~ f(b,x) (3) 
a<~bEP 
and 
f(a,x)= ~ #(a,b)g(b,x). (4) 
a<~bEP 
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2. Results 
Let P be the set P of positive integers and let X be the set C of complex numbers. 
If the partial ordering on P is the order relation of divisibility, i.e., men means that m 
is a factor of n, which is denoted rain, then the MSbius function It(re, n) with respect 
to the partial ordering can be given by I~(rn, n)=-#(n/rn), where #(n/m) is the ordinary 
MSbius function of Number Theory [2]. Thus we have 
Theorem 2. Let ~ be a function on the lattice P x P, and let f be a function on 
PxC.  I f  ~(k,k) ¢ O for kEP and the series 
g(k,x) = ~ ~(n, kn)f(kn,x) (5) 
k=l 
is absolutely convergent, hen 
f(n,x)= ~ ~-l(n, kn)g(kn, x). (6) 
k=l 
In Theorem 2, if f is a function such that f (k ,x)= f ( l ,y )  whenever x/k = y/l, 
then the function f may be defined on C by setting f (x/k)= f(k,x). The following 
proposition is due to Chen [1]. 
Proposition 1. If f(x) and g(x) are functions, then 
g(x) = ~ f(x/k) 
k=l 
if and only if 
(2O 
f (x) = ~ #(k)g(x/k). 
k=l 
(7) 
(8) 
If f is a function such that f(k,x) = f ( l ,y )  whenever kx = ly, then f can be 
reduced to a function on C defined by f (kx)=f(k,x) .  Then Theorem 2 becomes 
Proposition 2. Let f(x) and g(x) be any functions. Then 
c2~ 
g(x) = ~ f(kx) 
k=l 
if and only if 
OQ 
f (x)  = ~ tt(k)g(kx). 
k=l 
(9) 
(10) 
Again if f is a function such that f(k,x) = f( l ,  y) whenever x 4- k = y + l, then 
f can be reduced to a function on C defined by f (x  + k)=f(k,x).  Then Theorem 2 
becomes 
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Proposition 3. Let f (x )  and 9(x) be any functions. Then 
g(x)---- ~ f (x  + k) (11) 
k=l  
if and only if 
oo 
f (x )  = ~ It(k)o(x -4- l). (12) 
k=l  
More generally, if we consider a function c~ : P x C ~ C such that e(1,x) = x, 
then we have 9(x)= ~=~ fe(k,x)  if and only if f (x )= ~=l  It(k)9e(k,x). The 
multi-dimensional versions of the inversion formulas (7)-(12) are straightforward. 
For instance, (7) and (8) can be varied as follows. 
Let f (xl . . . . .  xk ) and 9(xl . . . . .  xk ) be functions such that 
g(Xl . . . . .  Xk)= ~ f(xl/nl . . . . .  Xk/nk), 
nl,...,nk =1 
then f (x l  . . . . .  xk) can be inverted by 
oo 
f(Xl . . . . .  Xk)= ~ It(nl)'"It(nk)g(xl/nl,...,xk/nk). 
nl,...,nk= 1
3. Examples 
Example 1. Let g(n,x) be a function defined on PxC by 
x kn x i y'~4n=o ~ C °'x - n 
9(n 'x )=Z(kn) ! -Z~. -  n ' 
k=l  nli 
where o) is the nth-order unit root. Then 
xn=-n! ~~It(n, kn) - -~ - 1 
k=l \ i=o 
= n! Z It(k) kn 1 
k=l  \ i=0 
=(n-  1)! E It(k) Z :'X-kn 
k=l  i=0 
Example 2. Let T be an integral transform defined by 
T{g}(x) = K(x, t)o(t ) dt 
(13) 
(14) 
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and assume its inverse transform T-1 is available. We consider the following integral 
equation: 
/? H(x)= k(x,t)f(t)dt. (15) 
If the function k(x, t) can be expanded in the following form: 
k(x, t) =a(t) ~'~ ng(x, nt), 
n=l  
the function f ( t )  can be solved by 
oo 
1 Z#(n)T_  l f ( t)  = ~ {H}(t/n). (16) 
n=l 
When T is the Laplace transform, the special form of this inversion formula can be 
applied to solve some inverse problems in Physics [1]. 
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